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Abstract

Theability of gerarchicallynanagedataavailablein a GeographicalnformationSystems becoming
increasinglyimportant, given the hugedataquantity provided by the modernsurweying techniques.
In particular the spatialfeaturesof an elementmust be framedin an intrensically multiresolution
structurewith an efficient managemenof the information at differentresolutions. Four nev mod-

uleshave beencreatedor the multiresolutionanalysiswith GRASS.Thesemodulesusethe discrete
wavelettransformto performa MultiResolutionAnalysis(MRA) by the Mallat algorithm,which has
beenextendedor thediscretebidimensionatase.Sameapplicationsexploiting the potentialityof the

techniquehave beencarriedout, amongthesethe filtering of LIDAR dataandthe automatichshape
recognition.

1. Intr oduction

The ever growing datasizeavailablefor the usein a GeographicalnformationSystemposesa threat
ontherealusability of suchdata,sincetheincreasinglataelaboratiorcapabilityof GISscannotkeep
up with this exponentialgrowth.

It is thereforeadvisablejf not necessarythe developmentof a hierarchicalapproacho the man-
agemenandthe elaboratiorof geographicatiata. This would resultin a multiresolution,bothin the
geometriandsemanticsensesapproacho thethreatmenof geographicainformationfor anefficient
managemendt eachresolutionlevel. This work represents first stepfor the solutionthe geometri-
cal sideof this problem. This is accomplishedyy MultiResolutionAnalysis(MRA) performedusing
the waveletsbasedn the Mallat algorithm, extendedfor the finite bidimensionalcaseandtherefore
suitablefor therastermapsof a GIS.

2. Signalrepresentation

Signalrepresentatiors afrequentissuein GISs,evenif mostof thetimesthisis hiddenby the system
from the final user The signalrepresentatioimplies the choiceof a basefor the spacewherethe



signallies: the actualdatastoredandelaboratedy the systemarethe coeficientsthatdescribeghe
signalwith respectto the chosenbase. The choiceof the baseis fundamentafor the way dataare
managedfor the effectivenesf operationsaaswell asfor their efficiengy. The selectionof the base
mustbemadesothata goodrepresentationf thesignalis possibleandgoodanalitycalpropertiesare
provided, suchas smoothnesssymmetry fastdecayandlocalization. In particular the localization
property expressedy the factthatonly a few coeficientsare modifiedby a signalvariationin one
point, is importantboth numerically becauseyood datacompressiomratescanbe achieved, andfor

thedataanalysissincelocal featuresarekeptin thesignalrepresentation.

The most populartraditional techniquedor signal representatiorare Fourier seriesand spline.
The Fourier techniquewrites the function describingthe signalasa sumof armonicfunctions,thus
achiezing thelocalizationpropertyin frequeng. However, thelocalizationin space(or time) is lost:
avariationof the signalin onesamplepoint modifiesall the series’coeficients. Splinesusestepwise
polinomial functions, providing localisationin space but a variationof the value of a samplepoint
propagateds effectson the whole frequenyg range,thereforethereis not localizationin frequeng.
In generaljt is not possibleto achiare arbitrarylocalizationbothin spaceandfrequeng, asstatedoy
theHeisembeg uncertaintyprinciple. However, it is possibleto substituterequencywith scaleandto
provide basesvhich arelocal bothin spacgor time) and in scale.Thereexistsa way of providing a
signalrepresentatiomhichis local bothin spaceandin scaleby usingthe waveletbases.

3. Waveletsand MultiResolution Analysis

Waveletsare functionsgeneratedy dilation andtraslationof a single function+ calledthe mother
function

Y (t) = 2729 (27t — n) (1)

The definition of the spacesvhosewaveletsrepresent baseanda "recipe"for the explicit deter
minationof the functioncanbe corvenientlycarriedoutin the context of MultiresolutionAnalysis.

MultiResolutionAnalysisregardsa function f € L?*(R) asthelimit of approximatingfunctions
givenby the projectionof f on space®f increasingesolution:

f= lim P.f 2)

whereP,, f withm € Z givesasmoothversionof f, higherm resultsin alargersmoothingeffect.
A MultiResolutionAnalysis(MRA) consistsn aladderof nestedspaced/;,, C L?(R) withm € Z

e CVeCViCVyC Vi CVC ... 3)

sothat
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Figure 1. Waveletesfamily generatedy the "Mexican Hat" motherwavelet (thicker) with dilation
ratiosof 0.5,1 and2 (a); with integertranslationby -2 and+2 (b); with translationanddilation of a
factor2 (right) andwith translatioranddilation of factors-2 e 0.5 (left) (c).

QZ Vin = {0} 4
U Ve =L*(B) 5)
and "
feEVLE f(2) € Vi (6)
ie.
feVne f(2™) eV (7

Moreover, theremustexist a function ¢, so calledscalingfunctionor father function¢ € V;, so
thatit generates family of functionse,, ,

Gmn(t) =27"2¢ (27™t — n) (8)

which constitutesa baseof V,,, i.e. V,, = linear span{¢,,,,, n € Z}. Equation(6) ensureghat
thedifferentV,, ccorrespondo differentscalessince{¢,, .} is abaseof V,, theconditionof tralation
invarianceof f with respecto its belongingto V,,, holds:




fe€Vm—=f(-—2™n) eV, VneZ 9)

Working with discretedata,asit happenswith real signalsandthuswith datain a GIS, only the
following nestedspacesnustbetakeninto account

eCVoCcViC Wy (20)

wherethe spacel, hasthe maximumresolution.

M.R.A. leadsto the constructiorof a waveletsbasethroughthe definition of the spacesV, repre-
sentingthe "difference"betweentwo consecutre spaced’; the W, spaces the orthogonalcomple-
mentof W,,, inV,,,_1:

Vine1r = Vi ®@ W, (12)

and
WLV, (12)

i.e.
Wy = (Pm—1 — P) L*(R) (13)

A spaceV,,, canbewrittenas,form < M,
M—m-—1
V=Vu® @B Wi (14)
k=0

Thereforethe I,,, areorthogonakpacesndsumupto L?(R)

L*(R) = @D W, (15)

meZ
TheW,, spacesnheritfrom theV,, spaceshe propriety(6):

feWwW,s f(2™) e W, (16)

It is finally possibleto find afunction sothatthe,, ,, expressedy

U (t) = 272 (27t — n) (17)

areanorthonormabasefor W,,,. The coeficientsof awaveletstransform(f, ¢,,, ,) correspondo
the differencebetweentwo subsequergipproximationof the f, P,,_, f e P,,f. Becauseof (15) and
(16), {%mn, m,n € Z} is anorthonormabaseof L?(R), while becausef (16)if {¢o,, n € Z} is
anorthonormabaseof Wy then{v,,,, n € Z} is anorthonormabaseof IV,,,.
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Figure2: MultiResolutionAnalysisof thesinc(x) function.




4. Exensionto finite bidimensional domainsand basechoice

Theapplicationof atheorysuchasthatunderlyingMRA requiressomeadditionsto take into account
thefacttharealworld signalsarediscrete finite andoverfinite (1D or 2D) domains.Thedeployment
of thewaveletsin the caseof discretesignalscanbe carriedout easilyasit is relatively easyto codea
programfor the discretewaveletstransform(DWT) for analysisandsynthesisInfact,theapplication
of DWT to discretesignal consistsin the recursve applicationof sumsover the coeficients of the
discretesignal. Therecursvity of thealgorithmsmalkesthe codingof the DWT very efficient.

The applicationof DWT to real, and thereforefinite, signalsforce to find a way to deal with
frontiers,wherethelack of databeyondthedatastreanlimit mustbecompensatetb avoid distorsions
(errors)on the nearbycoeficients. This is a classicalproblemalsofor other spectraldataanalysis
techniquesuchasFouriertransform.Thereexist severalapproachewhich arebasedn thefilling of
the emptycoeficientsbeyondthe frontier with suitablevaluesor on the useof specificbasedor the
transformof coeficientsneartheedges.

Thefollowing approachearethe mostcommon:

zero padding the datavectoris extendedby addingnull valuesbeyondthe edgeswith a numberof
entriesthatallows the determinatiorof thevalueon theedge;

periodicization dataare extendedby periodicizingthe signal,i.e. by repeatingthe datasequence
beyondthe edge thefirst valueoutsidetheright frontier is thefirst in thedatasequenceée. the
coeficientatthe otheredge,;

reflexion datais "reflexed” thru the edge,the first value outsidethe frontier is the first coeficient
insidetheedgeandsoon;

useof a custombaseat the edge this techniqueusesa modifiedbasenearthe edgesothatthe coef-
ficient usedfor the calculationof the DWT od the valuesnearthefrontier do not "spill out" the
actualdatavector This hasthedravbackof giving up (a small) computationagfficiency.

Therearedifferentwaysof building awaveletsbasefor a 2D space:

tensorial product of two baseson the two axes. This is the easiestand mostintuitive way, but it
hasthe majordravbackof combiningall the scalesandpositions,it is thereforeimpossibileto
separateéhe contribution at differentscaledor the two components.

non separable2D basesbuilt asa productof two 1D functionsusinganequationsuchas
Y (X) = 27/ 24h(Ax — n) (18)
wherethedilation fatoris representetly the matrix A.

tensorial product of two (1D) spacesin aMRA framewvork. The waveletsbaseof the 2D spacehas
anumberof positionindexesequalto thenumberof variablesout only onescaleindex, therefore
no mixing betweerdifferentscalesn thecomponent®ccours.
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Figure3: 2D signalanalysisusingwaveletsbaseduilt from the productof two 1D MRA. Thebases
for thedecompositiorof thespacesV,, for m = 1, 2 areshavn.

Thelastapproachs thatmostcommonlyusedbecausef its ability to keepseparatehe contri-
butionsat differentscales.The resultingpartition of a 2D spaces shavn in figure 3: the upperleft
cornercontainsthe signalat lower resolutionandit is decomposeth a further step(thefigure shavs
the basesaftertwo decompositiorsteps).

The choiceof the waveletsbasedependson the featuresof the signalto be analysedandon the
type of analysis.In generakhefollowing featuresarerequired:

1. smoothnesandsymmetry;
2. fastvanishing;

3. maximumpossiblenumberof vanishingmoments.



Thesefeatureggrantthatthe signalis transformedoy DWT with an high numberof null coeficients
while retaininga goodapproximatiorof theoriginal (discrete¥unction. Unfortunatelytheserequests
arecontradictoryandthereforea choicemustbe madeaccordingto theanalysispurpose.

Theonly way to have orthogonakeal valuesymmetricbasess to usedifferentbasedor analysis
andsynthesisthe so-calledbiothogonalbases.

5. Algorithm

Theapplicationandimplementatiorof aDWT is usuallydoneby the Mallat Algorithm, whichimple-
mentsdirectly the structureof the MRA. The approachis similar to thatusedfor the constructionof
thelaplacianpyramids.

Theoriginal (discrete)signalis split into two datasequencesachhalf long the original sequence.
The first sequenceontainsa smoothedversionof the signal at lower resolution,while the second
sequencearriesthedifferencedetweerthe original signalandthe smoothedrersion.

Theoriginal functionis written with respecto a baseof the 1, spacej.e. with respecto thebase
givenby thefatherfunction

=Y chdon (19)

andthen "
fl@) =) &é(z—n) (20)
where f € V. It is possibleto definetwo projectors: P, projecting f into the spaceV;,, with

resolutionm and@,, projectingf into the spacelV,, with resolutionm, which holdsthe differences
betweerthetwo resolutionlevels. Thefunction f is splitin two usingthefactthatVy = V; & W

f=Pf+Qif (21)
and,expressingxplicitly thespacesbases
Pif =Y cidin (22)
k
Qif =) dyb g (23)
k

The ¢! sequenceepresents smoothedversionof the original sequencewhile the d! sequence
bearthe differencesdetween’ andc!. Thekey pointis the possibility of writing the ¢! andd!, and
thereforethe c™ andd™ sequencefor eachm spaceasfunctionsof the solec™ ! sequencet the
previousstep.It is possibleto definetwo discretdfilters h(n) andg(n) sothatc™ andd™ areexpressed
as
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Figure4: Treeschemeof the Mallat’s algorithmfor 1D signals.

&= hpocy ™ (24)

k= Zgn—QkC:Ln_l (25)

Thefilter coeficientsh(n) andg(n) dependonthechosenMRA i.e. onthe waveletsbasein use.
For thesecoeficientsa normalisatiorconditionholds

and

The waveletbaseinvolvedin the MRA musttake into accountthe factthat the domainis finite,
as discussedn paragraph., otherwisethere exist somenon zero coeficients that "spill out" the
boundariesof the datapaclets: negleting them would lead to a distortion on the analysisand all
subsequeniperationson thedata.

Thewaveletsanalysisandsynthesiof a 2D signalareperformedby thetensormproductof two 1D
analysis.Theoriginal, 2D, sequence, is split ontofour sequencesorrespondinghelower resolution
signal,thedifferencesn thehorizontal,in theverticalandin the diagonaldirection(fig. 8).

Thealgorithmstopswhenonly onecoeficient represtinghelower resolutionsignalremains.
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Figure5: Schemeof the Mallat’s algorithmfor DWT of a 1D signal: thewaveletsd coeficientsand
the scalingfunctionsc coeficientsat eachanalysidevel areshowvn.
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Figure6: Schemeof the Mallat’s algorithmfor DWT of a 1D signal: the spacesof the MRA are
shawn.
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Figure7: Treeschemeof the Mallat’s algorithmfor 2D signals.

6. MRA and GRASS

TheMultiResolutionapproachn a GIS canprovide significantadvantagedothasaway of represent-
ing the dataandasa way to efficently performoperationson them. Infact, mostof the geographical
datacanberepresentedndanalysedt differentresolutionsdependingon the application.

With respecto this MRA allows efficientwaysof represenandconditionallyselectdataat differ-
entlevels of resolution,with eachlevel complitely separateddueto the othogonalityof the spaces),
aswell aseffective methodof implementingoperationn data.

GRASSGISis avery goodchoicefor theimplementatiorof MRA becausef its OpenSourcede-
velopmenimodelandbecausét provideshigh quality rasterdataandmanipulationfunctionssupport.
Four nev moduledor theanalysisandsynthesiof rasterdatahave beenwritten by AndreaAntonello
in collaborationwith the authorof the presenpaper Thesemodulesare:

e r.owave.dec
e r.owave.rec
e r.biowave.dec
e r.biowave.rec

While thefirst two modulesperformwaveletsanalysisandsynthesiausingorthogonalbasesthe
lattertwo usebiorthogonabasesasdiscussedhn par4.. For afull descriptionof themodules’options
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Figure8: Sub-imagegsequencegjenerateaf the Mallat’s algorithmfor 2D signals.



see[ZA02], for eachmodulethe choiceof the wavelet baseis doneby selectingthe corresponding
filter (asdefinedby a setof coeficients).

“r.owave.de¢ computesheorthogonawavelettransformof arastermap.

Synopsis:
r.owavedecinput=lmage outputAavTrans filterl=ImpulseResponse
filter2=EdgeRi filterpathfilterpath
[FilterNorm=n] [NumResr] [Haar=h] [Edge=¢€]

Description:
r.owavedeccomputeghetwo-dimensionatliscretevavelettransform(\WavTrang of thefloatingpoint
rasterstoredin thefile Image, accordingto the pyramidalalgorithmof Mallat. The coeficientsof the
filter's impulseresponsearereadfrom the file ImpulseResponseThe coeficients of the the filter's
impulseresponsdor specialedgeprocessingrereadfrom the file EdgeRi Thefilters arestoredin
thefolder filterpath

Output:
The modulegivesasoutput (WavTrans)four imagesfor every processedevel, N_output_1lrepre-
sentingthe rasterdataat coarseresolution,N_output 12N _output_21andN_output_22the detail
data. N standgfor the level of decompositionputputis the namegivento the file duringruntimeas
input parameter

Notes:

e in additionto theinputparameterabove, duringruntimethe programasksa pathwherethefile
with theinformationnecessaryor reconstructiorfwith r.owave.rec)is stored.

“ r.owave.rec’ reconstructa rastermapfrom anorthogonalwavelettransform

Synopsis:
r.owaverec

Description:
r.owaverec reconstructs rastermap from a sequencef subimagesforming a wavelet decompo-
sition, accordingto the pyramidal algorithm of S. Mallat. The rastermap is written into the file
Recomplmage WavTransis the prefix nameof a sequencef files containingthe coeficientsof a
wavelet decomposition. The coeficients of the filter’s impulseresponsere readfrom the file Im-
pulseResponseThe coeficientsof thefilter's impulseresponsdor computingthe edgecoeficients
arereadfrom thefile EdgelIR



Output:

The modulegivesasoutputthereconstructedastermapcalledoutput_reconstructeevhereoutputis
thefilenameprovidedduringruntimeasinput parameter

Notes:
e theprogramrunswithoutcommandine parametergheinteractve useis mandatory;

e during runtime the first thing the programasksfor is whetherthe auxiliary file producedby
r.owave.dedis availableor if theseinformationshave to be suppliedmanually In thefirst case
only thenameandthe pathof the auxiliary file arerequired.

“ r.biowave.dec” computeghebiorthogonalWwavelettransformof arastermap.

Synopsis:
r.biowavedecinput=Image outputaavTrans filterl=ImpulseResponsel
filter2=ImpulseResponsefliterpathfilterpath
[FilterNorm=n] [NumReer] [Haar=h] [Edge=€]

Description:
r.biowavedec computesthe two-dimensionaldiscretewavelet transformof the floating point raster
mapstoredin thefile Image, accordingto the pyramidalalgorithmof Mallat, usingfilter banks(Im-
pulseResponselmpulseResponsgadssociatedo biorthogonabasef wavelets.

Output:
The modulegivesasoutputfour rastermapsfor every processedevel, N_output_1Irepresentinghe
rastermapat coarserresolution,N_output_ 12N _output 2landN_output 2Zhedetailrastermaps.

N is for the level of decompositiorand outputis the namegivento the file during runtime asinput
parameter

Notes:

¢ in additionto the input parametersbove, the programasksruntime a pathwhereto storethe
file with theinformationusedfor reconstructior{with r.biowave.rec);

“ r.biowave.rec’ reconstructa rastermapfrom a biorthogonalwavelettransform.

Synopsis:
r.biowaverec



Description:
r.biowaverecreconstructs rastermapfrom a sequencef subimagegorming a waveletdecomposi-
tion, usingfilter banksassociatedo biorthogonalbasesof wavelets. The imageis storedin thefile
Recomplmge. WavTransis the prefix nameof a sequencef files containingthe coeficients of a
wavelet decomposition.The coeficientsof the filter’s impulseresponsesre readfrom the file Im-
pulseResponsedndimpulseResponse2

Output:
The modulegivesasoutputthereconstructedmagecalledoutput_reconstructeavhereoutputis the
nameindicatedduringruntimeasinput parameter

Notes:
e theprogramrunswithoutcommandine parametergheinteractve useis mandatory;

e during runtime the first thing the programasksfor is whetherthe auxiliary file producedby
r.biowave.deds availableor if thesenformationshaveto besuppliedmanually In thefirst case
only nameandpathof the auxiliary file arerequired.

Thesemoduleshave beenwritten by AndreaAtnonello and they are basedon the MegaWave
library project(http://www.cmla.ens-cachan.fr/fCmla/idaV\ave). They arereleasedinderthe GNU
library.

7. Applications

A widerangeof applicationsn aGIS enviromentcanbenefitof MRA, bothfor efficiency improvement
andfor abetterdatainsight,dueto themultiresolutiornrepresentationn particularthefollowing fields
cantake advantageof MRA:

efficient representation of signals:this allows effective computationsandhigh datacompression;
application of operators in theW spacesleadsto computationaéfficency;

signalfiltering : it is possibleto filter out noisefrom signalor to separatalifferentsignals.

Thetechniquedor the efficient representationf signalsare basedon the orthogonalityof the V/
and W spaceswhich impliesthe nonredundang of the informationin the waveletsrepresentation.
There exists someimage formats basedon the waveletsrepresentationsuchas ERMappers ecw
which reachesrery high compressiomates. Someexperimentsof datacompressiorwith GRASSS
waveletsmodulesarepresentedn [ZA02].

Theapplicationof operatorsn the W spacesanimprove the computationagfficiengy, for exam-
ple the matrix multiplicationusuallytakes N x N operationswhile in the waveletsrepresentatioit



canbe performedin N log N or evenin N operationsdependingon the operatoranalyticalproper
ties. This possbilityhasbeenexploited for the automaticextractionof surfacesfor geomorphological
studiesse€e[ZA02].

Signalfiltering is basedon the possibility of modifying the coeficient of a DWT and of recon-
structingthe signalwithout the featuresrepresentedby the filtered out coeficients. The filtering is
carriedoutin threesteps:

1. signaldecomposition;
2. modificationof the coeficientsat the differentresolutionlevels;
3. signalrecostruction.

Theusualwaveletsanalysisandsyinthesigs carriedoutin the spaces:
Vm = mel @ Wmfl (28)

Now thesequencef operationdoecomes:

Vi = Vine1 ® Wiy (29)
Vine1 = Vina (30)
W1 = Wi (31)
Vinet = Vi @ Wiy (32)

Theway the coeficientsin the V,,_; andW,,_; spacesaremodifiedinto V,, andW,,_; depends
onthefiltering purposefor examplenoisereduction outliersdetectionor separatiorof digital surface
models(DSM) from digital terrainmodel(DTM).

LIDAR surweyesdeliver greatperformancem termsof speedandresolutionbut they areproneto
outliersandnoise.DTW canbeusedto lowertheimpactof theseerrorsby filtering.

Theoutliersdetectionandeliminationis performedby thresholdinghe coeficientsin the “dif fer-
encesspace”W; sincein LIDAR sunweys the outliersappearsas point peaksthe thresholdingmust
carriedout for the W spaceat the higherresolution. The coeficientsrejectionis donewith “hard
thresholding” following the socalled“k eepor kill” rule:

dF — d; |di| > A
© 71 0 otherwise

where is thethresholdandd; thegenericceoficientin the W space.Thevalueof ) is choserby
calculatingthe distribution of the coeficientsandsettingthe thresholdingo the valuecorresponding

(33)
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Figure9: DSM andDTM from aLIDAR surwy.

to anhigh probability of not beingexceededIn the applicationreportedn [ZA02] thevalueis setto
97%.

Noise reductionis basedon the orthogonalityof DTW: white noiseis transformedinto white
noise.lt is possibleto evaluatea universal thresholdfrom the noisestandardieviation o, the number
of saples: andtheresolutionlevel j:

A =V 202%logn (34)

Theapplicationof suchathresholds routinelyusedfor imagedenoisingbut canbeusedin aGIS
for removing noisedueto measuremerdrrorsor digitalization.

The separatiorof DSM and DTM is basedon the possbility of selectinga featureby picking
out the coeficientsin the W spacescorrespondingo the featureresolutionand signal. While the
first selectionis madeby choosingthe properV,,, spacethe signalcharacteristiaés againfiltered by
thresholdinghe coeficientin the W,,, space.In this way, selectedeaturescanberemovedfrom the
surfacewhenit is reconstructedit is possibleto automaticallydetectthefeaturesentity, their position
and,evendetectingthefeaturegype,joining this techniquesvith otherclassificatiortools. Examples
of applicationof this techniquecanbefoundin [ZA02], for bothrealandsyntheticdata.

Furtherapplicationsarein progresgor anurbanarea(Fig. 10).

An additionalapplicationof the GRASSwaveletsmoduleds currentlyunderinvestigationgxam-
inating the possibility of usingthe transformeddatain the V' andW spacesasadditionalbandsfor
surfaceclassification Differentfeaturescanbe combinedfor the classification:



Figure10: Surfaceof a partthecity of Parmafrom LIDAR data.



e intensityof thesignalonthedifferentscalesontheV,, spaces;
e variationof signalbetweerresolutionlevelsontheW,, spaces;

e textureonthew,, andW,, spaces.

8. Conclusions

The MRA approachs an efficient way to representind elaboratedataat differentresolutions. This
canbevery usefulin the contex of GIS, astheapplicationsof paragraply. show, for the possibility of
differenciatdeaturesat differentresolution.

The completeseparatiorof the V' and W spacesllows the selectionof the contritution of the
featurego the overall signalatthe differentscalesit is thereforepossibleto selectfeatureelonging
to aknown scaleor with known signalpatternfor their removal or emphatization.

By now, severalaspect®f theapplicationof MRA in a GIS framavork areunderstudy:

e thedeterminatiorof propervaluesfor thethresholds;
¢ thechoiceof thewaveletsbaseswith respecto theinvestigategophenomenon;

¢ thelocalfiltering of signalin the W spaces.

A betterunderstandingf theseissuescanleadto new and more efficient applicationsof data
analysisn GIS, in particularof surfceandimageanalysis.
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