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Abstract

Theability of gerarchicallymanagedataavailablein aGeographicalInformationSystemis becoming
increasinglyimportant,given the hugedataquantityprovided by the modernsurveying techniques.
In particular, the spatialfeaturesof an elementmust be framedin an intrensicallymultiresolution
structurewith an efficient managementof the informationat different resolutions.Four new mod-
uleshave beencreatedfor themultiresolutionanalysiswith GRASS.Thesemodulesusethediscrete
wavelettransformto performa MultiResolutionAnalysis(MRA) by theMallat algorithm,which has
beenextendedfor thediscretebidimensionalcase.Sameapplicationsexploiting thepotentialityof the
techniquehave beencarriedout, amongthesethefiltering of LIDAR dataandtheautomatichshape
recognition.

1. Intr oduction

Theever growing datasizeavailablefor theusein a GeographicalInformationSystemposesa threat
on therealusabilityof suchdata,sincetheincreasingdataelaborationcapabilityof GISscannotkeep
up with this exponentialgrowth.

It is thereforeadvisable,if not necessary, thedevelopmentof a hierarchicalapproachto theman-
agementandtheelaborationof geographicaldata.This would resultin a multiresolution,both in the
geometricandsemanticsenses,approachto thethreatmentof geographicalinformationfor anefficient
managementat eachresolutionlevel. This work representsa first stepfor thesolutionthegeometri-
cal sideof this problem.This is accomplishedby MultiResolutionAnalysis(MRA) performedusing
the waveletsbasesin the Mallat algorithm,extendedfor the finite bidimensionalcaseandtherefore
suitablefor therastermapsof aGIS.

2. Signal representation

Signalrepresentationis a frequentissuein GISs,evenif mostof thetimesthis is hiddenby thesystem
from the final user. The signal representationimplies the choiceof a basefor the spacewherethe



signallies: theactualdatastoredandelaboratedby thesystemarethecoefficientsthatdescribesthe
signalwith respectto the chosenbase.The choiceof the baseis fundamentalfor the way dataare
managed,for theeffectivenessof operationsaswell asfor their efficiency. Theselectionof thebase
mustbemadesothatagoodrepresentationof thesignalis possibleandgoodanalitycalpropertiesare
provided, suchassmoothness,symmetry, fastdecayandlocalization. In particular, the localization
property, expressedby the fact thatonly a few coefficientsaremodifiedby a signalvariationin one
point, is importantboth numerically, becausegooddatacompressionratescanbe achieved,andfor
thedataanalysis,sincelocal featuresarekeptin thesignalrepresentation.

The most populartraditional techniquesfor signal representationare Fourier seriesand spline.
The Fourier techniquewrites the function describingthe signalasa sumof armonicfunctions,thus
achieving the localizationpropertyin frequency. However, the localizationin space(or time) is lost:
a variationof thesignalin onesamplepoint modifiesall theseries’coefficients.Splinesusestepwise
polinomial functions,providing localisationin space,but a variationof the valueof a samplepoint
propagatesits effectson the whole frequency range,thereforethereis not localizationin frequency.
In general,it is not possibleto achievearbitrarylocalizationbothin spaceandfrequency, asstatedby
theHeisemberg uncertaintyprinciple.However, it is possibleto substitutefrequencywith scaleandto
provide baseswhich arelocal bothin space(or time) and in scale.Thereexistsa way of providing a
signalrepresentationwhich is local bothin spaceandin scaleby usingthewaveletbases.

3. Waveletsand MultiResolution Analysis

Waveletsarefunctionsgeneratedby dilation andtraslationof a singlefunction
�

calledthe mother
function: ����� ���	��

����� ����� ������� � �������

(1)

Thedefinitionof thespaceswhosewaveletsrepresenta baseanda "recipe"for theexplicit deter-
minationof the

�
functioncanbeconvenientlycarriedout in thecontext of MultiresolutionAnalysis.

MultiResolutionAnalysisregardsa function �! #" � �%$&
 asthe limit of approximatingfunctions
givenby theprojectionof � on spacesof increasingresolution:

� � ')(+*��, �.-0/ � � (2)

where/ � � with 12 43 givesasmoothversionof � , higher 1 resultsin a largersmoothingeffect.
A MultiResolutionAnalysis(MRA) consistsin aladderof nestedspaces5 �!6 " � �7$&
 with 18 439:9:9 6 5 �;6 5�< 6 5�= 6 5 � < 6 5 � �>6@?A?A?

(3)

sothat
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Figure1: Waveletesfamily generatedby the "Mexican Hat" motherwavelet (thicker) with dilation
ratiosof 0.5,1 and2 (a); with integer translationby -2 and+2 (b); with translationanddilation of a
factor2 (right) andwith translationanddilationof factors-2 e0.5(left) (c).
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and
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i.e.
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Moreover, theremustexist a function Y , so calledscalingfunctionor father function Y# Z5�= so
thatit generatesa family of functions Y ��� �

Y �
� �[�\��
���� � ����� Y � � � � ����� � (8)

which constitutesa baseof 5 � , i.e. 5 �@� '+()][^`_badcfe�_b]gQ Y ��� �ih��  j3 T . Equation(6) ensuresthat
thedifferent 5 � ccorrespondto differentscales;since

Q Y �
� ��T is abaseof 5 � theconditionof tralation
invarianceof � with respectto its belongingto 5 � holds:
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Working with discretedata,asit happenswith real signalsandthuswith datain a GIS, only the
following nestedspacesmustbetakeninto account9:9:9 6 5 �>6 5o< 6 5�= (10)

wherethespace5X= hasthemaximumresolution.
M.R.A. leadsto theconstructionof a waveletsbasethroughthedefinitionof thespacesp , repre-

sentingthe"dif ference"betweentwo consecutive spaces5 ; the p � spaceis theorthogonalcomple-
mentof p � in 5 � � < :

5 � � < � 5 �jq p � (11)

and

p �sr 5 � (12)

i.e.

p �P�t� / � � < � / �s
 " � �7$&
 (13)

A space5 � canbewrittenas,for 12u!v ,

5 �P� 5xw q w � � � <y z { = p4w � z (14)

Thereforethe p � areorthogonalspacesandsumup to " � �7$&

" � �7$&
�� y��N:O p � (15)

The p � spacesinherit from the 5 � spacesthepropriety(6):

�4 4p ��V � �D� � 9 
  4p4= (16)

It is finally possibleto find a function
�

sothatthe
�d�
� �

, expressedby����� ���	��

����� ����� � � ��� � ����� �
(17)

areanorthonormalbasefor p � . Thecoefficientsof awaveletstransform |�� h}����� ��~ correspondto
thedifferencebetweentwo subsequentapproximationof the � , / � � <f� e / � � . Becauseof (15) and
(16),

Q��d�
� �ih 1 h}�  �3 T is anorthonormalbaseof " � �7$&
 , while becauseof (16) if
Q�� = � �.h
�  �3 T is

anorthonormalbaseof p4= then
Q��d�
� �.h��  43 T is anorthonormalbaseof p � .
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Figure2: MultiResolutionAnalysisof the
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function.



4. Exensionto finite bidimensionaldomainsand basechoice

Theapplicationof a theorysuchasthatunderlyingMRA requiressomeadditionsto take into account
thefacttharealworld signalsarediscrete,finite andoverfinite (1D or 2D) domains.Thedeployment
of thewaveletsin thecaseof discretesignalscanbecarriedouteasilyasit is relatively easyto codea
programfor thediscretewaveletstransform(DWT) for analysisandsynthesis.Infact,theapplication
of DWT to discretesignalconsistsin the recursive applicationof sumsover the coefficientsof the
discretesignal.Therecursivity of thealgorithmsmakesthecodingof theDWT veryefficient.

The applicationof DWT to real, and thereforefinite, signalsforce to find a way to deal with
frontiers,wherethelackof databeyondthedatastreamlimit mustbecompensatedto avoid distorsions
(errors)on the nearbycoefficients. This is a classicalproblemalsofor otherspectraldataanalysis
techniquessuchasFouriertransform.Thereexist severalapproacheswhicharebasedon thefilling of
theemptycoefficientsbeyondthefrontier with suitablevaluesor on theuseof specificbasesfor the
transformof coefficientsneartheedges.

Thefollowing approachesarethemostcommon:

zero padding thedatavectoris extendedby addingnull valuesbeyondtheedges,with a numberof
entriesthatallows thedeterminationof thevalueon theedge;

periodicization dataareextendedby periodicizingthe signal, i.e. by repeatingthe datasequence
beyondtheedge,thefirst valueoutsidetheright frontier is thefirst in thedatasequencei.e. the
coefficientat theotheredge;

reflexion datais "reflexed" thru the edge,the first valueoutsidethe frontier is the first coefficient
insidetheedgeandsoon;

useof a custombaseat the edge this techniqueusesa modifiedbaseneartheedgesothatthecoef-
ficient usedfor thecalculationof theDWT od thevaluesnearthefrontier do not "spill out" the
actualdatavector. Thishasthedrawbackof giving up (a small)computationalefficiency.

Therearedifferentwaysof building awaveletsbasefor a2D space:

tensorial product of two baseson the two axes. This is the easiestandmost intuitive way, but it
hasthemajordrawbackof combiningall thescalesandpositions,it is thereforeimpossibileto
separatethecontributionat differentscalesfor thetwo components.

non separable2D basesbuilt asaproductof two 1D functionsusinganequationsuchas����� �[�\�d
������ ����� ���7�>�0���o

(18)

wherethedilation fatoris representedby thematrix
�

.

tensorial product of two (1D) spacesin a MRA framework. Thewaveletsbaseof the2D spacehas
anumberof positionindexesequalto thenumberof variablesbut only onescaleindex, therefore
no mixing betweendifferentscalesin thecomponentsoccours.
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Figure3: 2D signalanalysisusingwaveletsbasesbuilt from theproductof two 1D MRA. Thebases
for thedecompositionof thespaces� � for 1 ����h��

areshown.

The last approachis thatmostcommonlyusedbecauseof its ability to keepseparatethe contri-
butionsat differentscales.The resultingpartitionof a 2D spaceis shown in figure3: theupperleft
cornercontainsthesignalat lower resolutionandit is decomposedin a furtherstep(thefigureshows
thebasesaftertwo decompositionsteps).

The choiceof the waveletsbasedependson the featuresof the signalto be analysedandon the
typeof analysis.In generalthefollowing featuresarerequired:

1. smoothnessandsymmetry;

2. fastvanishing;

3. maximumpossiblenumberof vanishingmoments.



Thesefeaturesgrantthat thesignalis transformedby DWT with anhigh numberof null coefficients
while retainingagoodapproximationof theoriginal (discrete)function.Unfortunately, theserequests
arecontradictoryandthereforeachoicemustbemadeaccordingto theanalysispurpose.

Theonly way to have orthogonalrealvaluesymmetricbasesis to usedifferentbasesfor analysis
andsynthesis,theso-calledbiothogonalbases.

5. Algorithm

Theapplicationandimplementationof aDWT is usuallydoneby theMallat Algorithm, which imple-
mentsdirectly thestructureof theMRA. Theapproachis similar to thatusedfor theconstructionof
thelaplacianpyramids.

Theoriginal (discrete)signalis split into two datasequenceseachhalf long theoriginalsequence.
The first sequencecontainsa smoothedversionof the signalat lower resolution,while the second
sequencecarriesthedifferencesbetweentheoriginal signalandthesmoothedversion.

Theoriginal functionis written with respectto a baseof the 5X= space,i.e. with respectto thebase
givenby the fatherfunction

� ��� ��� =� Yx= � � (19)

andthen

� �	�g

��� ��� =� Y �	�����o
 (20)

where �@ �5X= . It is possibleto definetwo projectors: / � projecting � into the space5 � with
resolution1 and � � projecting � into thespacep � with resolution1 , which holdsthedifferences
betweenthetwo resolutionlevels.Thefunction � is split in two usingthefactthat 5�= � 5o< q p�< :� � / <��¡ ¢�£<�� (21)

and,expressingexplicitly thespaces’bases

/ <�� � � z � <z Yl< � z (22)

�£<f� �¤� z�¥ <z � < � z (23)

The � < sequencerepresentsa smoothedversionof the original sequence,while the
¥ < sequence

bearthedifferencesbetween� = and � < . Thekey point is thepossibilityof writing the � < and
¥ < , and

thereforethe � � and
¥ �

sequencesfor each 1 space,asfunctionsof the sole � � � < sequenceat the
previousstep.It is possibleto definetwo discretefilters ¦ �\�l
 and § �7�o
 sothat � � and

¥ �
areexpressed

as
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Figure4: Treeschemeof theMallat’salgorithmfor 1D signals.

� � z ��� � ¦ � � � z � � � <�
(24)¥ � z ��� � § � � � z � � � <�
(25)

Thefilter coefficients ¦ �7�l
 and § �\�l
 dependon thechosenMRA i.e. on thewaveletsbasein use.
For thesecoefficientsanormalisationconditionholds� � ¦ �®�¤¯ �

(26)

and � � § �®��R (27)

The waveletbaseinvolved in the MRA musttake into accountthe fact that the domainis finite,
as discussedin paragraph4., otherwisethereexist somenon zero coefficients that "spill out" the
boundariesof the datapackets: negleting them would lead to a distortion on the analysisand all
subsequentoperationson thedata.

Thewaveletsanalysisandsynthesisof a2D signalareperformedby thetensorproductof two 1D
analysis.Theoriginal,2D,sequence� = is split ontofour sequencescorrespondingthelowerresolution
signal,thedifferencesin thehorizontal,in theverticalandin thediagonaldirection(fig. 8).

Thealgorithmstopswhenonly onecoefficient represtingthelower resolutionsignalremains.



� =
� <

¥�°
¥ <
¥ <

¥ �
¥ �

¥�°
¥�°¥�±� ±

� �
� °

¥ <
¥ <
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Figure6: Schemeof the Mallat’s algorithmfor DWT of a 1D signal: the spacesof the MRA are
shown.
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Figure7: Treeschemeof theMallat’salgorithmfor 2D signals.

6. MRA and GRASS

TheMultiResolutionapproachin aGIScanprovidesignificantadvantagesbothasawayof represent-
ing thedataandasa way to efficently performoperationson them. Infact,mostof thegeographical
datacanberepresentedandanalysedat differentresolutions,dependingon theapplication.

With respectto thisMRA allowsefficientwaysof representandconditionallyselectdataatdiffer-
ent levelsof resolution,with eachlevel complitelyseparated(dueto theothogonalityof thespaces),
aswell aseffectivemethodof implementingoperationsondata.

GRASSGISis averygoodchoicefor theimplementationof MRA becauseof its OpenSourcede-
velopmentmodelandbecauseit provideshighquality rasterdataandmanipulationfunctionssupport.
Fournew modulesfor theanalysisandsynthesisof rasterdatahavebeenwrittenby AndreaAntonello
in collaborationwith theauthorof thepresentpaper. Thesemodulesare:Æ r.owave.decÆ r.owave.recÆ r.biowave.decÆ r.biowave.rec

While thefirst two modulesperformwaveletsanalysisandsynthesisusingorthogonalbases,the
lattertwo usebiorthogonalbases,asdiscussedin par4.. For a full descriptionof themodules’options
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see[ZA02], for eachmodulethe choiceof the wavelet baseis doneby selectingthe corresponding
filter (asdefinedby asetof coefficients).

“ r.owave.dec” computestheorthogonalwavelettransformof a rastermap.

Synopsis:
r.owave.decinput=Imageoutput=WavTrans filter1=ImpulseResponse
filter2=EdgeRi filterpath=filterpath
[FilterNorm=n] [NumRec=r] [Haar=h] [Edge=e]

Description:
r.owave.deccomputesthetwo-dimensionaldiscretewavelettransform(WavTrans) of thefloatingpoint
rasterstoredin thefile Image, accordingto thepyramidalalgorithmof Mallat. Thecoefficientsof the
filter’s impulseresponsearereadfrom the file ImpulseResponse. The coefficientsof the the filter’s
impulseresponsefor specialedgeprocessingarereadfrom thefile EdgeRi. Thefilters arestoredin
thefolderfilterpath

Output:
The modulegivesasoutput(WavTrans)four imagesfor every processedlevel, N_output_11repre-
sentingthe rasterdataat coarserresolution,N_output_12,N_output_21andN_output_22thedetail
data. N standsfor the level of decomposition,outputis thenamegivento thefile during runtimeas
input parameter.

Notes:Æ in additionto theinputparametersabove,duringruntimetheprogramasksapathwherethefile
with theinformationnecessaryfor reconstruction(with r.owave.rec)is stored.

“ r.owave.rec” reconstructsa rastermapfrom anorthogonalwavelettransform

Synopsis:
r.owave.rec

Description:
r.owave.rec reconstructsa rastermap from a sequenceof sub imagesforming a wavelet decompo-
sition, accordingto the pyramidal algorithm of S. Mallat. The rastermap is written into the file
RecompImage.WavTrans is the prefix nameof a sequenceof files containingthe coefficientsof a
wavelet decomposition.The coefficientsof the filter’s impulseresponsearereadfrom the file Im-
pulseResponse. The coefficientsof thefilter’s impulseresponsefor computingthe edgecoefficients
arereadfrom thefile EdgeIR.



Output:
Themodulegivesasoutputthereconstructedrastermapcalledoutput_reconstructed,whereoutputis
thefilenameprovidedduringruntimeasinput parameter.

Notes:Æ theprogramrunswithoutcommandline parameters,theinteractiveuseis mandatory;Æ during runtime the first thing the programasksfor is whetherthe auxiliary file producedby
r.owave.decis availableor if theseinformationshave to besuppliedmanually. In thefirst case
only thenameandthepathof theauxiliaryfile arerequired.

“ r.biowave.dec” computesthebiorthogonalwavelettransformof a rastermap.

Synopsis:
r.biowave.decinput=Imageoutput=WavTrans filter1=ImpulseResponse1
filter2=ImpulseResponse2filterpath=filterpath
[FilterNorm=n] [NumRec=r] [Haar=h] [Edge=e]

Description:
r.biowave.deccomputesthe two-dimensionaldiscretewavelet transformof the floating point raster
mapstoredin thefile Image, accordingto thepyramidalalgorithmof Mallat, usingfilter banks(Im-
pulseResponse1, ImpulseResponse2) associatedto biorthogonalbasesof wavelets.

Output:
Themodulegivesasoutputfour rastermapsfor every processedlevel, N_output_11representingthe
rastermapat coarserresolution,N_output_12,N_output_21andN_output_22thedetail rastermaps.
N is for the level of decompositionandoutputis the namegiven to the file during runtimeasinput
parameter.

Notes:Æ in additionto the input parametersabove, theprogramasksruntimea pathwhereto storethe
file with theinformationusedfor reconstruction(with r.biowave.rec);

“ r.biowave.rec” reconstructsa rastermapfrom abiorthogonalwavelettransform.

Synopsis:
r.biowave.rec



Description:
r.biowave.recreconstructsa rastermapfrom a sequenceof subimagesforming a waveletdecomposi-
tion, usingfilter banksassociatedto biorthogonalbasesof wavelets. The imageis storedin the file
RecompImage. WavTrans is the prefix nameof a sequenceof files containingthe coefficientsof a
wavelet decomposition.The coefficientsof the filter’s impulseresponsesarereadfrom the file Im-
pulseResponse1andImpulseResponse2.

Output:
Themodulegivesasoutputthereconstructedimagecalledoutput_reconstructed,whereoutputis the
nameindicatedduringruntimeasinput parameter.

Notes:Æ theprogramrunswithoutcommandline parameters,theinteractiveuseis mandatory;Æ during runtime the first thing the programasksfor is whetherthe auxiliary file producedby
r.biowave.decis availableor if theseinformationshaveto besuppliedmanually. In thefirst case
only nameandpathof theauxiliaryfile arerequired.

Thesemoduleshave beenwritten by AndreaAtnonello and they are basedon the MegaWave
library project(http://www.cmla.ens-cachan.fr/Cmla/MegaWave). They arereleasedundertheGNU
library.

7. Applications

A widerangeof applicationsin aGISenviromentcanbenefitof MRA, bothfor efficiency improvement
andfor abetterdatainsight,dueto themultiresolutionrepresentation.In particularthefollowing fields
cantakeadvantageof MRA:

efficient representation of signals:this allowseffectivecomputationsandhighdatacompression;

application of operators in the p spaces:leadsto computationalefficency;

signal filtering : it is possibleto filter outnoisefrom signalor to separatedifferentsignals.

The techniquesfor theefficient representationof signalsarebasedon theorthogonalityof the 5
and p spaces,which implies thenon redundancy of the informationin the waveletsrepresentation.
Thereexists someimageformatsbasedon the waveletsrepresentation,suchas ERMapper’s ecw,
which reachesvery high compressionrates. Someexperimentsof datacompressionwith GRASS’s
waveletsmodulesarepresentedin [ZA02].

Theapplicationof operatorsin the p spacescanimprovethecomputationalefficiency, for exam-
ple thematrix multiplicationusuallytakes ÇÉÈÊÇ operations,while in thewaveletsrepresentationit



canbe performedin Ç ')Ë�Ì Ç or even in Ç operations,dependingon the operatoranalyticalproper-
ties. This possbilityhasbeenexploitedfor theautomaticextractionof surfacesfor geomorphological
studies,see[ZA02].

Signalfiltering is basedon the possibility of modifying the coefficient of a DWT andof recon-
structingthe signalwithout the featuresrepresentedby the filtered out coefficients. The filtering is
carriedout in threesteps:

1. signaldecomposition;

2. modificationof thecoefficientsat thedifferentresolutionlevels;

3. signalrecostruction.

Theusualwaveletsanalysisandsyinthesisis carriedout in thespaces:5 �¢� 5 � � < q p � � < (28)

Now thesequenceof operationsbecomes:

5 �¢� 5 � � < q p � � < (29)

5 � � < k Í5 � � < (30)

p � � < k Íp � � < (31)

5 � � < �ÎÍ5 �jq Íp � � < (32)

Theway thecoefficientsin the 5 � � < and p � � < spacesaremodifiedinto
Í5 � and

Íp � � < depends
onthefiltering purpose,for examplenoisereduction,outliersdetectionor separationof digital surface
models(DSM) from digital terrainmodel(DTM).

LIDAR surveyesdelivergreatperformancesin termsof speedandresolutionbut they areproneto
outliersandnoise.DTW canbeusedto lower theimpactof theseerrorsby filtering.

Theoutliersdetectionandeliminationis performedby thresholdingthecoefficientsin the“dif fer-
encesspace” p ; sincein LIDAR surveys the outliersappearsaspoint peaksthe thresholdingmust
carriedout for the p spaceat the higher resolution. The coefficients rejectionis donewith “hard
thresholding”,following thesocalled“keepor kill” rule:¥ÐÏÑ �ÓÒ ¥ ÑÕÔ ¥ Ñ�Ô�ÖZ×R Ø:� ¦XÙAÚSÛ�Ü�Ý:Ù (33)

where
×

is thethresholdand
¥ Ñ

thegenericceofficient in the p space.Thevalueof
×

is chosenby
calculatingthedistribution of thecoefficientsandsettingthethresholdingto thevaluecorresponding



Figure9: DSM andDTM from aLIDAR survey.

to anhigh probabilityof not beingexceeded.In theapplicationreportedin [ZA02] thevalueis setto
97%.

Noise reductionis basedon the orthogonalityof DTW: white noise is transformedinto white
noise.It is possibleto evaluateauniversal thresholdfrom thenoisestandarddeviation Þ , thenumber
of saples

�
andtheresolutionlevel ß : × �®�áà � Þ � '+Ë�Ìâ� (34)

Theapplicationof suchathresholdis routinelyusedfor imagedenoising,but canbeusedin aGIS
for removing noisedueto measurementerrorsor digitalization.

The separationof DSM and DTM is basedon the possbility of selectinga featureby picking
out the coefficients in the p spacescorrespondingto the featureresolutionandsignal. While the
first selectionis madeby choosingtheproper p � space,thesignalcharacteristicis againfilteredby
thresholdingthecoefficient in the p � space.In this way, selectedfeaturescanberemovedfrom the
surfacewhenit is reconstructed.It is possibleto automaticallydetectthefeaturesentity, theirposition
and,evendetectingthefeaturestype,joining this techniqueswith otherclassificationtools.Examples
of applicationof this techniquecanbefoundin [ZA02], for bothrealandsyntheticdata.

Furtherapplicationsarein progressfor anurbanarea(Fig. 10).
An additionalapplicationof theGRASSwaveletsmodulesis currentlyunderinvestigation,exam-

inating the possibility of usingthe transformeddatain the 5 and p spacesasadditionalbandsfor
surfaceclassification.Dif ferentfeaturescanbecombinedfor theclassification:



Figure10: Surfaceof apartthecity of Parmafrom LIDAR data.



Æ intensityof thesignalon thedifferentscaleson the 5 � spaces;Æ variationof signalbetweenresolutionlevelson the p � spaces;Æ textureon the ã � and p � spaces.

8. Conclusions

The MRA approachis an efficient way to representandelaboratedataat differentresolutions.This
canbeveryusefulin thecontex of GIS,astheapplicationsof paragraph7. show, for thepossibilityof
differenciatefeaturesat differentresolution.

The completeseparationof the 5 and p spacesallows the selectionof the contribution of the
featuresto theoverallsignalat thedifferentscales:it is thereforepossibleto selectfeaturesbelonging
to aknown scaleor with known signalpatternfor their removal or emphatization.

By now, severalaspectsof theapplicationof MRA in aGIS framework areunderstudy:Æ thedeterminationof propervaluesfor thethresholds;Æ thechoiceof thewaveletsbaseswith respectto theinvestigatedphenomenon;Æ thelocal filtering of signalin the p spaces.

A betterunderstandingof theseissuescan lead to new and more efficient applicationsof data
analysisin GIS, in particularof surfceandimageanalysis.
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